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Introduction

> It is often of interest to know how a system G(s) responds to a
step in the input signal.

» Show how a controlled system react to set point changes.

ug it >0
u(t) = :
0 ift<O

» Step of size u,:

» We often look at the unit step response (u, = 1). For linear
systems, the step response of size u, is just the unit step
response multiplied by u,.

» Laplace transform of step:
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Final value and static gain

Assume that the linear system (7(s) is stable, and that the input is a
step

u(t) =

u, ft>0 p
—— .
0 ift<0 s
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Final value and static gain

Assume that the linear system (7(s) is stable, and that the input is a
step

u(t) =

Uy ift>0 L Uo
— ] .
0 ift<O S

Then the final value of y(#) can be found using the final value theorem:

lim y(t) =

t—o00
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Final value and static gain

Assume that the linear system (7(s) is stable, and that the input is a
step

, >0 .
uty=4% "PET Ly e = Lo
0 ift<O S

Then the final value of y(#) can be found using the final value theorem:
tlim y(t) = lin% sY(s) = lim sG(s)U(s) = lim S(;(S‘)% = G(0)ue.
s— S

—00 s—0 s—0

Note that the constant input is multiplied by a factor G(0).
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Final value and static gain

Assume that the linear system (7(s) is stable, and that the input is a
step

, >0 .
uty=4% "PET Ly e = Lo
0 ift<O S

Then the final value of y(#) can be found using the final value theorem:

tlim y(t) = lin% sY(s) = lim sG(s)U(s) = lim s(?(s)@ = G(0)ue.
s— S

—00 s—0 s—0

Note that the constant input is multiplied by a factor G(0).

‘ The static gain of a stable system is (0) ‘

per.mattssonChig.se


mailto:per.mattsson@hig.se

Step response for first order systems

HOGSKOLAN
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Consider the system G(s) = ;1.
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Consider the system G(s) = ;1.
¢

» Step response: y(t) =1 — e .
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Consider the system G(s) = ;1.
» Step response: y(t) = 1 — e,

» Pole: —a. Stable if —a < 0.
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Step response for first order systems

a

Consider the system G(s) = ;1.

» Step response: y(t) = 1 — e,

» Pole: —a. Stable if —a < 0.

Im

Re

—a

1 t

Longer the distance between the pole and the origin = Faster system.
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Step response for second order systems

Real and distinct poles
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Consider a system G/(s) = ZL
s+ a1s+ az
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Step response for second order systems

Real and distinct poles
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a
Consider a system G(s) = 2 = P1p2

824 aistay (s+p)(s+p2)

per.mattssonChig.se


mailto:per.mattsson@hig.se

Step response for second order systems

Real and distinct poles

HOGSKOLAN

I GAVLE

a
Consider a system G(s) = 2 = P1p2

824 aistay (s+p)(s+p2)

» Poles:
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a
Consider a system G(s) = 2 = P1p2

824 aistay (s+p)(s+p2)
» Poles: —p; and —po.
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a
Consider a system G(s) = 2 = P1p2

824 aistay (s+p)(s+p2)
» Poles: —p; and —po.

» Step response:

y(t) =1+ Le—mt _ pile—pzt‘
P1— P2 pP1— P2
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a
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a
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a
Consider a system G(s) = 2 = P1p2

824 aistay (s+p)(s+p2)
» Poles: —p; and —po.

» Step response:
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Step response for second order systems

Real and distinct poles

a
Consider a system G(s) = 2 = P1p2

824 aistay (s+p)(s+p2)
» Poles: —p; and —po.

» Step response:
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a
Consider a system G(s) = 2 = P1p2

824 aistay (s+p)(s+p2)
» Poles: —p; and —po.

» Step response:
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Step response for second order systems

Real and distinct poles

a
Consider a system G(s) = 2 = P1p2

824 aistay (s+p)(s+p2)
» Poles: —p; and —p».

» Step response:

y(t) =1+ P2 ot DL -pat
P1— D2 P1— D2

p1=1,p2 =4

Re p1=1,p2 =8
—Pp2 -

p1=3,py =4

p1 =3,p2 =8

The pole closest to the origin dominates!
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Step response for second order systems
Complex conjugated poles
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Consider the system G(s) = %
s2+ais+as
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Step response for second order systems
Complex conjugated poles
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. . a _ “o
Consider the system G(s) = T Fasta 24 st ol
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. . a _ “o
Consider the system G(s) = T Fasta 24 st ol

» Poles: —Cwo + 1wp\/1 — CQ.
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2
Consider the system G(s) = T Fasta 24 st ol

» Poles: —Cwo + 1wp\/1 — CQ.
e‘f(Luot

» Step response: y(t) = 1 — \/177( sin(twoy/1 — C2 + @).
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2
Consider the system G(s) = T Fasta 24 st ol

» Poles: —Cwo + 1wp\/1 — CQ.

—Cwot
e
» Step response: y(t) = 1 — ———=sin(twpy/1 — (2 + ¢).
V1-¢?
Im
X
Re
X
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2
Consider the system G(s) = T Fasta 24 st ol

» Poles: —Cwo + 1wp\/1 — CQ.
e‘f(Luot

» Step response: y(t) = 1 — \/177( sin(twoy/1 — C2 + @).

o €= cos(¢)
9 o

per.mattssonChig.se


mailto:per.mattsson@hig.se

Step response for second order systems
Complex conjugated poles

HOGSKOLAN
1GAVLE

2
Consider the system G(s) = T Fasta 24 st ol

» Poles: —Cwo + 1wp\/1 — CQ.

> Step response: y(t) = 1 — \;1@702 sin(twoy/1 — 2 + ).
. y(t) =0
¢ = cos(9)
Va re |

wot
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Complex conjugated poles
2

Consider the system G/(s) = — " n
s ais + as

» Poles: —Cwo + 1wp\/1 — CQ.

e —Cwot
» Step response: y(t) = 1 — ———sin(twoy/1 — (2 + ¢).
V1-—¢?
y(t)
Im
X
\ | ¢ = cos(¢) =02
%l Lt
/’ Re
X

Cos? + 2Cwos + wi’

wot
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Complex conjugated poles

HOGSKOLAN
1 GAVLE

2
Consider the system G(s) = T Fasta 24 st ol

» Poles: —Cwo + 1wp\/1 — CQ.

e —Cwot
» Step response: y(t) = 1 — ———sin(twoy/1 — (2 + ¢).
V1-—¢?
y(t)
Im
K| ¢ = cos(o)
o LT
/b, Re
¢=0.6
X
wot
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2
Consider the system G(s) = T Fasta 24 st ol

» Poles: —Cwo + 1wp\/1 — CQ.

e —Cwot

» Step response: y(t) = 1 — ———sin(twoy/1 — (2 + ¢).
V1-—¢?
y(t)
Im
¢ = cos(¢)
1 4
Re (=1
double pole
wot
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2
Consider the system G(s) = T Fasta 24 st ol

» Poles: —Cwo + 1wp\/1 — CQ.

—Cwot
e
» Step response: y(t) = 1 — ———=sin(twpy/1 — (2 + ¢).
V1=¢?
y(t
Im () ¢=0
» X
¢ = cos(@) (=02
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Re (=1
double pole ¢ =06
X
X wot
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u(t)

N

y(t)

N
?

?

» A linear system is stable if and only if all poles lie strictly in the left
half-plane (has strictly negative real part).
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» A linear system is stable if and only if all poles lie strictly in the left
half-plane (has strictly negative real part).

» The farther from the origin a pole lies, the faster it is.
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» A linear system is stable if and only if all poles lie strictly in the left
half-plane (has strictly negative real part).

» The farther from the origin a pole lies, the faster it is.

» The pole closest to the origin dominates.
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H()fsk&u\ Su mmal‘y

I GAVLE

U(t)> - y(ﬂ)

» A linear system is stable if and only if all poles lie strictly in the left
half-plane (has strictly negative real part).

» The farther from the origin a pole lies, the faster it is.
» The pole closest to the origin dominates.

> A system that has real values poles does not oscillate when the
input is a step.
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Summary

HOGSKOLAN
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U(t)> - y(ﬂ)

» A linear system is stable if and only if all poles lie strictly in the left
half-plane (has strictly negative real part).

» The farther from the origin a pole lies, the faster it is.
» The pole closest to the origin dominates.

> A system that has real values poles does not oscillate when the
input is a step.

» The larger the imaginary part is relative to the real part of a pole,
the more oscillations it gives to the step response.
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Step response

Specifications

y(t)
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Step response

Specifications

/\ Final value, ys: y5 = thjgo y(t).
yf T~
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Step

response

Specifications

Yy

Final value, ys: y; = tlim y(t).
—00

Raise time, T.:
Time to go from 0.1y to 0.9y;.
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Final value, ys: y; = tlim y(t).
—00

Raise time, T.:
Time to go from 0.1y to 0.9y;.

per.mattssonChig.se


mailto:per.mattsson@hig.se

Step response

Specifications

Yy

Final value, ys: y; = thj& y(t).
Raise time, T.:
Time to go from 0.1y to 0.9y;.

Settling time, T’:
yr — 0 < y(t) <ys+6for
t > Ty. Often: § = 0.1y;.
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Step response

Specifications

Yy

Final value, ys: y; = thj& y(t).
Raise time, T.:
Time to go from 0.1y to 0.9y;.

Settling time, T’:

yr — 0 < y(t) <ys+6for

t > Ty. Often: § = 0.1y;.

Overshoot, M:

max(y(t)) — yy
Yy

M =
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Step response

Specifications
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M
Z/f \\~‘//,g”"-,

Final value, ys: y; = thj& y(t).
Raise time, T.:
Time to go from 0.1y to 0.9y;.

Settling time, T’:

yr — 0 < y(t) <ys+6for

t > Ty. Often: § = 0.1y;.

Overshoot, M:
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Settling time, T’:
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Step response

Specifications

y(t)
--= Final value, ys: y; = thj& y(t).
L]\ _J\/:fﬁf_‘ ________ Raise time, T
0 95; F- ———\—_7'! ———————————— 326 Timeto go from 0.1y to 0.9y;.
. \ Settling time, T,:
| | yr — 6 <y(t) <yy+0for
' ' t > T. Often: 6 = 0.1yy.
| : Overshoot, M:
0.1yy «_» ; o = max(y(t) —yy
T, ! vs
— ¥
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Step response

Specifications

y(t)
--= Final value, ys: y; = thjgo y(t).
L]\ _J\/:fﬁf_‘ ________ Raise time, T
0 95; F- ———w ———————————— 326 Timeto go from 0.1y to 0.9y;.
. \ Settling time, T,:
| | yr — 6 <y(t) <yy+0for
' ' t > T. Often: 6 = 0.1yy.
| : Overshoot, M:
0.1yy «_» ; o = max(y(t) —yy
T, ! vs
— ¥

T
Design criterion:
Choose the controller so that M, T;. and T are small enough.
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