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Introduction

I It is often of interest to know how a system G(s) responds to a
step in the input signal.

I Show how a controlled system react to set point changes.
I Step of size uo:

u(t) =

{
uo if t ≥ 0

0 if t < 0
.

I We often look at the unit step response (uo = 1). For linear
systems, the step response of size uo is just the unit step
response multiplied by uo.

I Laplace transform of step:

U(s) = L[u(t)] = uo
s
.
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Final value and static gain

Assume that the linear system G(s) is stable, and that the input is a
step

u(t) =

{
uo if t ≥ 0

0 if t < 0

L←→ U(s) =
uo
s
.

Then the final value of y(t) can be found using the final value theorem:

lim
t→∞

y(t) = lim
s→0

sY (s) = lim
s→0

sG(s)U(s) = lim
s→0

sG(s)
uo
s

= G(0)uo.

Note that the constant input is multiplied by a factor G(0).

The static gain of a stable system is G(0)
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Step response for first order systems

Consider the system G(s) = a
s+a .

I Step response: y(t) = 1− e−at.
I Pole: −a. Stable if −a < 0.

Re

Im

×
−a

×
−a

×
−a

×
−a

t

y(t)

1

a= 1

a= 4

a = −0.3

Longer the distance between the pole and the origin⇒ Faster system.
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Step response for second order systems
Real and distinct poles

Consider a system G(s) =
a2

s2 + a1s+ a2

=
p1p2

(s+ p1)(s+ p2)
.

I Poles: −p1 and −p2.
I Step response:

y(t) = 1 +
p2

p1 − p2
e−p1t − p1

p1 − p2
e−p2t.

Re

Im

×
−p2

×
−p1

×
−p2

×
−p1

×
−p2

×
−p1

×
−p2

×
−p1

t

y(t)

1

p1= 1, p2 = 4

p1= 1, p2 = 8

p1= 3, p2 = 4

p1 = 3, p2 = 8

The pole closest to the origin dominates!
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Step response for second order systems
Complex conjugated poles

Consider the system G(s) =
a2

s2 + a1s+ a2

=
ω2
0

s2 + 2ζω0s+ ω2
0

.

I Poles: −ζω0 ± iω0

√
1− ζ2.

I Step response: y(t) = 1− e−ζω0t√
1− ζ2

sin(tω0

√
1− ζ2 + φ).

Re

Im

ω0

×

×

×

×

φ

×

×

φ

×

×

φ
×

double pole

φ

ζ = cos(φ)

ω0t

y(t)

1

ζ = 0

ζ = 0.2

ζ = 0.6

ζ = 1
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Summary

G
u(t) y(t)

I A linear system is stable if and only if all poles lie strictly in the left
half-plane (has strictly negative real part).

I The farther from the origin a pole lies, the faster it is.
I The pole closest to the origin dominates.
I A system that has real values poles does not oscillate when the

input is a step.
I The larger the imaginary part is relative to the real part of a pole,

the more oscillations it gives to the step response.
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Step response
Specifications

yf

t

y(t)

0.9yf

0.1yf

Tr

2δ

Ts

Myf

Final value, yf : yf = lim
t→∞

y(t).

Raise time, Tr:
Time to go from 0.1yf to 0.9yf .

Settling time, Ts:
yf − δ ≤ y(t) ≤ yf + δ for
t ≥ Ts. Often: δ = 0.1yf .

Overshoot,M :

M =
max(y(t))− yf

yf
.

Design criterion:
Choose the controller so thatM , Tr and Ts are small enough.
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